BILINEAR FUNCTIONALS ON THE SPACE OF BOUNDED, MEASURABLE FUNCTIONS
BY H. H. GOLDSTINE 1. Introduction. We propose to make an extension of the Radon integral to two variables, and by properly defining the notion of limited variation to show that every continuous bilinear functional on the class of bounded, measurable functions (with suitably defined norm) is expressible in terms of this integral. Conversely we show that the integral is bilinear and continuous. The paper is concluded with a theorem establishing a relation between the dpuble and iterated integrals. Similar results for the case of continuous linear functional have recently been obtained.* 2, Preliminary Definitions. Let © be the class of all measurable subsets of the interval 3 = [0 Û x ^ 1 ], and let 0 be a function on @© to 21, the set of all real numbers. Such a function will be termed bi-additive in case, for every two disjoint sets 0i, (72, we have 0(<r, 01+0-2) = 0(0, <TI)+</>(&, cr 2 ) and 0(o"x+o-2 , 0) = 0(0*1, 0)+0(02, 0) ; the function 0 will be said to be of limited variation in case the upper bound of
for all divisions a kv • • • , <r kmk , (k = l, 2), of 3 into disjoint sets and all numbers tu such that \e k i\ -1, (£ = 1, 2; i = l, 2, • • , rn k ), is finite;f we shall designate this bound, when it is finite, by T0.
Let jLti, ju 2 be any two functions in 9Jt, the class of bounded, measurable functions, such that d k0^i j, k (x) <D k , (£ = 1, 2; Ogx^l). Then following the usual procedure in the Lebesgue * See, T. H. Hildebrandt, On bounded linear functional operations, Transactions of this Society, vol. 36 (1934) (2) s(ir) = X) èuMfau, Ö"2/) ir exists, where dki^Çkiûdki+i, it will be designated by (3) f f /ii(sM*)*(<*3,<*3f).
•J o J o 3. 3HAe Existence of the Integral. We proceed to a statement of a sufficient condition for the existence of the integral. The proof of this theorem follows the usual lines of demonstration for the existence of a Lebesgue integral of a bounded function.
We shall associate with the class 5DÎ two norms || ||i and || || 2 which will thus give rise to two normed linear spaces $Jl k = (SD2, || H*), (& = 1, 2). These norms are defined as follows:* ||M||I = S| M (/)|, and r /• i -u/n ||JU|| 2 = true max | /*(/) | = lim I | fx(t) \ n dt\ .
4.
The Representation Theorem. It should be noted that if a functional K is bilinear and continuous on üïfeSfe, it also has these properties as on 9fti9fti. Indicating, as before, the characteristic function of a set a by ju,, we define <t>(<ri, o-2 ) to be K Qi ffv /*",). The first property follows immediately from the bilinearity of K ; the second results from the continuity of K as follows : the result then follows by the continuity of K. It is of some interest to note that when 0 has the properties enumerated above, the functional defined by equation (4) is linear and continuous.
The Iterated Integrals.
To establish the existence of the iterated integrals it will be shown that the Radon integral 
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